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Abstract 

Let X be a Hadamard manifold and T C Isom(X) a discrete group of isometrics which 
contains an axial isometry without invariant flat half plane. We study the behavior of 
conformal densities on the limit set of T in order to derive a new asymptotic estimate for 
the growth rate of closed geodesies in not necessarily compact or finite volume manifolds. 



1 Introduction 

Let M be a complete Riemannian manifold of nonpositive sectional curvature, and denote by 
P(t) the number of primitive closed geodesies in M of period < t modulo free homotopy. Our 
main interest in this paper is the asymptotic behavior of this function. 

In the case of a negative upper bound on the sectional curvature of M, there is only one 
closed geodesic in each free homotopy class. Using the ergodic theory of the geodesic flow, 
G. A. Margulis ( [M], [MS]) proved that for compact manifolds of pinched negative curvature 
with volume entropy h 

P(t)hte~ ht ->• 1 as t -> oo . 

Recently, M. Coornaert and G. Knieper established an analogous generalization of Margulis' 
result for compact quotients of Gromov hyperbolic metric spaces ( [CK, Theorem 1.1]). 

G. Knieper ( [Kl], [K2], [K3]) extended the theory to compact geometric rank one 
manifolds M. If h denotes the volume entropy of M, and Ph yp (t) the number of closed 
geodesies of period < t which do not admit a perpendicular parallel Jacobi field, he proved 
the existence of constants a > 1 and to > such that 

j- t e ht < P hyp (t) < P{t) < ~e ht 

for * > t ( [K3, Theorem 5.6.2]). 

The purpose of this paper is a partial generalization of this result to a larger class of 
manifolds M. Let X be the Riemannian universal covering manifold of M, and F the group 
of deck transformations. Then A is a Hadamard manifold, M = X/T, and F is a discrete 
torsion free subgroup of the isometry group Isom(A) of X. Let dX denote the geometric 
boundary of X endowed with the cone topology. We will only require that F contains an 
axial isometry which translates a geodesic without flat half plane in X (see [Bl] for precise 
definitions) and does not possess a global fixed point in dX. We emphasize that we do not 
assume the manifold M to be compact or of finite volume. Instead of the volume entropy, 
we will therefore consider the critical exponent 6(F) of F which is defined as the exponent 
of convergence of the Poincare series P s (x,y) = ^ &T e~ sd ^ x '' ly \ Furthermore, if X docs 
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not admit a quotient of finite volume, then the rank rigidity result of Ballmann ( [B2]) and 
Burns-Spatzier ( [BS]) does not require M to be a geometric rank one manifold, hence every 
geodesic in X may bound a flat strip of finite width. 

If W is an open set in X, we denote V(W) the set of free homotopy classes of closed 
geodesies in M which possess a representative with a lift to X intersecting W nontrivially, 
and Vh(W) C P(W) the subset of free homotopy classes containing a representative with a 
lift which intersects W and does not bound a flat half plane. Notice that due to the possible 
occurrence of flat strips along each geodesic in X there can be infinitely many closed geodesies 
in every free homotopy class of closed geodesies in M. However, all closed geodesies in the same 
free homotopy class have the same period. We will be interested in the number of elements 
of period < t in V(W) and Vh(W) which we denote by P(t; W) and Ph(t; W) respectively. 
Our main result is the following: 

Theorem 1 Let W be a sufficiently large bounded open set in X , and T as above. Then 

5(F) = lim (llogP(t;W)) = lim (~ log P h (t; Wj) . 

IfT is "weakly cocompact" (see Definition ^. y\) . then there exist constants b > 1, R > such 
that for t > R 

-!- e s ^* < P h (t; W) < P(t; W) < be s{r)t . 

Although we extend some of the methods from [KI] and [K2] to noncompact manifolds, our 
proof of the lower bound in Theorem 1 avoids the use of Lemma 2.7 in [Kl], Instead of that 
we make use of Theorem 2 and Corollary 14 . 31 below . 

Fix o G X and put Nr(R) ■= #{7 S T | d(o, 70) < R}. A large part of the present paper 
is devoted to the study of the behavior of conformal densities on the geometric boundary 
dX and their relation to Nr(R). Generalizing Lemma 4.4 in [K2], we derive that every a- 
dimensional conformal density satisfies a > S(T). Using this fact and similar arguments as 
T. Roblin in [R], we are able to prove 

Theorem 2 IfT is as above, then limR—nx, (-L log Nr(R)) exists and equals 6(F). 

This theorem extends the main theorem in [R] to manifolds of nonpositive curvature as above 
which are not necessarily CAT(— 1). Furthermore, its Corollary 14.31 will be one of the key 
ingredients in our proof of the lower bound of Theorem 1. 

The paper is organized as follows: In section 2 we recall some basic facts about Hadamard 
manifolds and discrete groups of isometries which contain an axial isometry without flat half 
plane. In section 3 we introduce the concept of conformal densities and prove a so-called 
shadow lemma, Theorem 13.61 This theorem gives an idea of the local behavior of conformal 
densities and allows to deduce asymptotic bounds on the exponential growth rate of the 
number of orbit points of T. Section 4 is devoted to the proof of Theorem 2 and its corollaries, 
which will be a key ingredient in the proof of the lower bound of Theorem 1. In section 5, we 
investigate the asymptotic growth rate of geometrically distinct closed geodesies modulo free 
homotopy in a complete Riemannian manifold of nonpositive curvature and prove Theorem 1. 

2 Axial isometries of Hadamard manifolds 

In this section we recall a few properties of Hadamard manifolds which possess a geodesic 
without flat half plane. Most of the material can be found in ( [Bl]). 

Let X be a complete simply connected Riemannian manifold of nonpositive sectional 
curvature. The geometric boundary dX of X is the set of equivalence classes of asymptotic 
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geodesic rays endowed with the cone topology (see e.g. [B3, chapter II]). This boundary is 
homeomorphic to the unit tangent space of an arbitrary point in X , and X :— X U OX is 
homeomorphic to a closed TV-ball in R , where N = dimX. Moreover, the isometry group 
of X has a natural action by homeomorphisms on the geometric boundary. 

All geodesies are assumed to have unit speed. For x € X and z S X we denote by o~ XiZ 
the unique unit speed geodesic emanating from x which contains z. Let D := {(x, x) | x £ X} 
denote the diagonal in X . For later use we introduce the continuous projection 

pr: XxX\D -> <9X 

(z, a;) h-> CT2;, z (-oo) . 

We say that two points £, 77 6 <9JT can be joined by a geodesic, if there exists a geodesic a 
with extremities a{— 00) = £ and ct(oo) = 77. A geodesic er : K — * X is said to bound a flat 
strip of width c > if there exists a totally geodesic isometric embedding i : [0,c]xI-)I 
such that i(0,t) = a(t) for any tsR. 

Definition 2.1 A geodesic a in X is called hyperbolic if it does not bound a flat strip of 
infinite width. In this case we call 

c(a) := sup{c > | a bounds a flat strip of width c} 

the width of the hyperbolic geodesic a. 

Notice that the definition of hyperbolic geodesies given in [K2] is more restrictive than Defi- 
nition |0] above, since we allow that hyperbolic geodesies bound a flat strip of finite width. 
We refer to geodesies satisfying Knieper's hyperbolicity condition as rank one geodesies and 
remark that the width of a rank one geodesic is zero. The following lemma is a direct conse- 
quence of Lemma 2.1 in [Bl] and its proof. 

Lemma 2.2 Let a be a hyperbolic geodesic of width c(a) > with extremities a (—00) and 
ct(oo). Then for all e > there exist neighborhoods U, V C dX of cr(— 00), <r(oo) with 
closures U , V homeomorphic to closed balls and U fl V — such that any pair of points 
(£,rj) & U xV can be joined by a geodesic. Furthermore, if a is a geodesic with extremities in 
U and V, then a is hyperbolic and d(a,o~(0)) < c{a) + e. 

Definition 2.3 An isometry 7 / id of X is called axial, if there exists a constant I = l("f) > 
and a geodesic a such that j(a(t)) = a{t + I) for all t G K. We call l(~f) the translation length 
0/7, and a an axis 0/7. The boundary point 7 + := er(oo) is called the attractive fixed point, 
and 7~ :— a(— 00) the repulsive fixed point 0/7. We further put Ax(j) := {x G X \ d(x,jx) = 

1(7)}- 

We remark that Ax(7) consists of the union of parallel geodesies translated by 7, and Ax(7) n 
dX is exactly the set of fixed points of 7. 

The following kind of axial isometries will play a crucial role in the sequel. 

Definition 2.4 An axial isometry is called hyperbolic axial if it possesses a hyperbolic axis. 
The width 0(7) of a hyperbolic axial isometry 7 is defined by 

0(7) := sup{d(x,o- y ^+) \x,y £ Ax(^)} . 

Notice that if 7 is hyperbolic axial, then 7+ and 7" are the only fixed points of 7, and 
every axial isometry commuting with 7 possesses the same set of invariant geodesies as 7. 
Furthermore, if a is an axis of 7, then 0(7) < 2c(<j). 

Let us recall some further properties of hyperbolic axial isometries stated in Theorem 2.2 
of[Bl]. 
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Lemma 2.5 Suppose 7 is a hyperbolic axial isometry. Then 

(1) every point £ E dX \ can be joined to 7 + by a geodesic, and all these geodesies are 
hyperbolic, 

(2) given neighborhoods U of~/ + and V 0/7", there exists Nq E N such that r y n (X\V) C U 
and 7~ n (X\ U) C V for all n > N . 

For a discrete subgroup T C Isom(X) the geometric limit set of T is defined by Lp := 
r-a; fl dX, where x E X is arbitrary. We say that two points £, 77 £ are dual with respect 
to r if for all neighborhoods U of £ and V of 77 there exists 7 £ T such that 7(X \ U) C 
and 7 _1 (X \ V) C U. In this case, both £ and ij belong to Lp- 

From here on we will assume that T C Isom(X) is a discrete group which contains a 
hyperbolic axial isometry h and does not possess a global fixed point in dX. The following 
proposition recalls the part of Theorem 2.8 in [Bl] which applies to our groups T. 

Proposition 2.6 For every neighborhood U of a limit point £ E Lr there exists 7 E T such 
that "fh + E U \ {£}. Moreover, the closure o/T-£ equals Lr, and any two points of Ly are 
dual with respect to V . 

For x E X and r > we denote by B x (r) the open ball of radius r centered at x. Our 
first result states that for £ E dX the projection pr^ := pr(£, •) of a sufficiently large ball in 
X contains an open set in dX . 

The main difficulty in generalizing the analogous statement Lemma 3.5 in [K2] to our 
situation consists in the fact that every hyperbolic geodesic may bound a flat strip. We 
therefore have to uniformly bound the width of such flat strips along the geodesies in question. 

Lemma 2.7 For each x E X there exists a constant r > such that for all £ E dX pr^(B x (r)) 
contains an open set U C dX with U fl Lr 7^ 0- 

Proof. Let x £ X arbitrary, fix a point y E Ax(h) and let c(h) > denote the width of h 
(see Definition 12. 4f) . The idea is to construct a covering of dX by open sets. 

Let e > and U ± be disjoint neighborhoods of ft, ± as in Lemma 12.21 That is, any 
two points in U + , U~ can be joined by a geodesic, every such geodesic a is hyperbolic and 
d(y,a) < c(h) + e. For each rj E dX \ (U + U U~) we denote by a v a hyperbolic geodesic 
connecting rj and h + , and by c(a v ) the width of a v . Let be a neighborhood of 77, U v C [7 + 
a neighborhood of /i + such that any two points in L^, can be joined by a geodesic, every 
such geodesic a is hyperbolic and d{a v (0) , a) < c(a v ) + e. Then 

9icc/+uru |J , 

n£dx\(u+uu-) 

and, since cW is compact, there exist finitely many points 771, 772, . . . , f] n E dX such that 

n 

dX C U + U J/" U (J . 

2 = 1 

If r := c(/i) + e + y) + maxi<i<„ (c(cr r)i ) + er, ;i (0)), then for any £ E 9X, the projection 
pT^(B x (r)) contains an open set in dX: If £ E V, n for some i £ {1,2,.. .n}, then [7 I?s is the 
desired set, and h + E C/^ implies U m n L r 7^ 0. If £ E C/ _ , then ft+ £ J7+ C pr^(B x (r)), if 
£ E [/+, then h~ eU~ C pt ( (B x (r)). ' □ 

The following lemma states that the limit set can be covered by finitely many L-trans- 
lates of an appropriate open set in dX. 
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Lemma 2.8 For any open subset A c dX with AC\ Lr 7^ there exists a finite set 
{71, 72, . . . , 7m} C T such that 

m 

ir_[J nA ■ 

»=i 

Proof. Fix £ G A n Lr- If £ = h~ , we pick a neighborhood U of £ such that 17 C A and 
h+ £ U. If L r C Uu {/&+}, we choose 7 G T such that 7/1+ G C/\ {£}. Then 7i+ G 7~ 1 t/, hence 
Lr C [/U7 _1 C/. If Lr ^ C/U{/i + }, there exists 77 G L r \U, r\ ^ ft+. Since 77 and £ are dual with 
respect to T, for any neighborhood V of 77 there exists 7 G T such that 7 _1 (X \ V) C U and 
7 (_X" \ U) C V, in particular X \ V C 7 L/. Choose neighborhoods V of 77, W of /i + sufficiently 
small so that the closures of the sets U, V, W are pairwise disjoint. By Lemma \'2. 51 (2) there 
exists n G N such that h n (X\U) C W and /i" n (X\ IF) C U, in particular X \ W G /i™[7. 
We conclude 

L r \ V UX \ W C jU U h n U G 7 A U /iM . 

The case £ = /i + is analogous. 

If £ ^ we choose a neighborhood U C yl of £ such that h + ,h~ ^ [/. Pick 

7 G T such that 7/1+ G [7 \ {£}. Then jh-f -1 is hyperbolic axial, and by the discreteness 
of r (see [Bl, Lemma 2.9]), 7/1" ^ . Hence there exist neighborhoods V of 7/1" and W 
of /i + such that the closures of U, V, W are pairwise disjoint. Since h + and jh + are dual, 
there exists g G T such that \ M 7 ) G U. Furthermore, there exists n G N such that 
( 7 /i7~ 1 )"(X\ V) c £. We conclude 

L r CX\WUX\V C g~ l U U ^/j^" 1 )-"*/ C g- l A U 7^-" 7 ^ 1 v4 . □ 

3 Conformal densities 

Let X be a Hadamard manifold with Riemannian distance d, o G X a fixed base point, and 
r G Isom(X) a discrete infinite subgroup. For x, y G X, s G K we denote by 

P s (a; ; y) = e -«*(».7«) 

the Poincare series. Its exponent of convergence S(T) is independent of x, y by the triangle 
inequality, and is called the critical exponent of T. If 

7V r (i?) : =#{ 7G r|d( ,7 )<i?}, ANr(R):=Nr{R)-N r (R-l), (2) 

then an easy calculation shows that 

6(F) = limsup logTVr^)) = limsup (4 log AJV r (i?)) . 

For z G X we consider the continuous map 

B z : Ixl ^ I 

1-* - d(y,z) . 

This map extends continuously to the boundary via 

B v (x,y) := lim (d(x,a{s)) - d{y,a(s))) , 

where a is an arbitrary ray in the class of r\ £ dX. For £ € <9X, y El, the function 

B € (-,y): X R 

.t i-> Bz(x,y) 
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is called the Busemann function centered at £ based at y. It is independent of the chosen ray 
a in the class of £ (see also [B3, chapter II]). 

Definition 3.1 Let A4 + (dX) denote the cone of positive finite Borel measures on dX, and 
a > 0. An a-dimensional conformal density is a continuous map 

p: X -> M + (dX) 
x i > ^ 

««f/i i/ie properties 

(i) supp(p ) C L r , 

(m) 7 * Ma = for any "/ <ET , x <E X , 

(Hi) ~~T~( r l) ~ e aBri ^° ,x ^ for any x <E X , r\ G supp(p ) ■ 
afi 

The existence of a 5(r)-dimensional conformal density /1 was proved by G. Knieper ( [K2, 
Lemma 2.2]) for Hadamard manifolds and arbitrary discrete infinite isometry groups. From 
his construction it follows that /j, x (Lr) > for all a: G X. Our goal in this section is a 
generalization of Lemma 4.4 in [K2] which is valid for discrete groups with compact quotient 
of geometric rank one. We will only require that T is a discrete isometry group which contains 
a hyperbolic axial isometry and possesses infinitely many limit points. 

Before we state our result, we present a few preliminary lemmata needed in the proof. 
For the remainder of this section we will assume that T C Isom(X) is a discrete group 
which contains a hyperbolic axial isometry h and does not globally fix a point in dX . Given 
Lemma l2.8l the following lemma and its corollary are straightforward from Lemma 4.1 in [K2]. 

Lemma 3.2 Let p be a conformal density and x G X . Then fi x (Lr) > implies supp(p x ) = 
L r - 

Proof. Suppose £ G Lr, £ ^ suppf^). Let U be a neighborhood of £ such that p x (U) = 0. 
By Lemma 1231 there exists 71,72, • • • , 7m € T such that Lr C {}™ =l ^iU . Hence 

m m 

MLr) < M-rrfO = E ^ x (u) = , 

z=l i=l 

because P 7 -i x , 1 < i < m, is absolutely continuous with respect to fi x . □ 

COROLLARY 3.3 If \i is a 6 (T) -dimensional conformal density, then for any x G X supp(p x ) = 
L T . 

For x G X, £ G dX and e > 0, we put CJ ^ :— {z G X | Z x (z,£) < e}. 

The following two lemmata are easy generalizations of Lemma 4.2 and Proposition 3.6 
of [K2] to the noncompact case. 

Lemma 3.4 Fix x G X and let fi be a conformal density with p x (Lr) > 0. Then for any e > 
there exists a constant q = q{x,e) > such that \i x (C e x ^) > q for all £ G Lr- 

Proof. Suppose the contrary is true. Then there exists e > and a sequence (£„) C Lr such 
that f-x{C^ n ) — > as n — > 00. Passing to a subsequence if necessary, we may assume that £ n 
converges to a point £ G dX. Then there exists iV G N such that C| ^ C C^ n for n > No, 
hence ii x (C e x p) — 0. Since the limit set is closed, we further have £ G Lr. Arguing as in the 
proof of Lemma l3~2l we obtain a contradiction to fi x (Lr) > 0. □ 



G 



Lemma 3.5 For x £ X there exist constants cq > and e > such that for any c > Cq and 
yEX\B x {c) 

pr y (B x (c))DCl A ndX for some S, e L T . 

Proof. Fix x £ X and suppose the assertion is not true. Then for all n £ N there exists 
a point y n e X \ B x (n) such that pr yn (B x (n)) ^> C X J^ H dX for all £ G Lr- Passing to a 
subsequence if necessary, we assume that (y n ) converges to a point 77 £ <9X. 

Then either for all r > 0, e > and £ 6 Lr C| )S R <9X ^ pr J? (B a; (r)) in contradic- 
tion to Lemma 12.71 or there exist constants r > 0, e > and a point £ £ Lp such that 
^x E ,i n — P r r ; (Ar( r ))- However, the continuity of the map pr : X x X \ D — > <9X would 
then imply the existence of No £ N such that C pr yn (B x (r)) for any n > No, in contra- 
diction to the choice of y n for n > r and 1/n < e. □ 

We are finally able to prove the main theorem of this section. 

Theorem 3.6 Let a > and fi an a -dimensional conformal density of positive and finite 
total mass. Then there exists a constant cq > with the following property: For c > cq there 
exists a constant D(c) > 1 such that for all 7 £ F with d(o, 70) > c we have 

1 e -«<*(o, 7 o) < Mo(pro(i?7o ( c)) ) < D(c)e -a<i(o, 70 ) _ 

Proof. Fix Co > as in the previous lemma. By Lemma l3.4l there exists a constant g > such 
that for all y £ X \ B Q (c) we have [i (pr y (B (c))) > q. Hence for any 7 £ T with d(o, 70) > c 

9 < Mo(pr 7 -i (-B (c))) < n (dX) . 

Furthermore, if 77 £ pr (i? 70 (c))) then < d(o, 70) — B v (o,~/o) < 2c by elementary geometric 
estimates. For 7 £ T we abbreviate S 7 :— pr (£? 70 (c)) and conclude 

g < /^ (7 _1 5 7 ) = /J70 (5 7 ) = f rf/i 70 = / e Q8 " (o ^ o) (W7) < e ad(o ^°Vo(5 7 ) . 

t/ J S*y 

Similarly we have 

Ho(dX) > /i (7- 1 5 7 ) = / e^^^dMr?) > e- 2ac e ad (^°V„(5 7 ) 

and summarize e -»d{o^o) q < ^(fi^) < e - ad{ -°^ e 2ac ^ {dX) . □ 

The following proposition will be crucial in order to apply the methods developed by 
T. Roblin in [R]. 

Proposition 3.7 If an a-dimensional conformal density /1 of positive and finite total mass 
exists, then a > S(T). 

Proof. Suppose [i is an a-dimensional conformal density of positive and finite total mass. 
Let c > Co with Co as in Theorem 13.61 and R > c arbitrary. Since T is discrete, every ball of 
radius c + 1 in X contains at most M — M(c) orbit points 70. Hence every point in dX is 
covered by at most M sets pr (i? 70 (c)), R — 1 < d(o, 70) < R, and therefore 

J2 Mo(pr (B 70 (c))) <Mp (dX). 

fl-l<ci(o : 7o)<fl 
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Recall from (J2J) the definition of AN-p (R) . We conclude 

R-l<d(o,jo)<R. 



< Mo(pr (S 70 (c))) < M^(dX) , 

R-l<d(o./yo)<R 

hence 6(T) = limsup^^ i log(A7V r (i?)) < a. □ 

Corollary 3.8 There exists a constant b > such that Nr(R) < be 5 ^ R for sufficiently 
large R > 0. 

Proof. We compute as in the proof of the previous proposition 

AN r (R)-±- e~ s ^ R < Y J- e -S(r)d(o n o) 

y ' D(c) ~ ^ Die) 

R-l<d(o,-yo)<R 



< /i (pr (B T0 (c)))<M/x (aX), 



7er 

R-l<d(o,-yo)<R 

hence ANr(R) < M D{c)n (dX)e 5 ^ R . Furthermore, if n denotes the smallest integer greater 
than R, we have 



N T (R) < ^AArr(j)<MZ?( C )/i (dJSf)5> 



eWfe^-l) 



= MD(c)tio(dX)- 

and the assertion follows with 6 = M D(c)/i (aX)e M(r) /(e 5(r) - 1). □ 

We next introduce a class of groups for which we will be able to derive stronger results. 

Definition 3.9 A discrete subgroup T C Isom(X) is called weakly cocompact if there exists 
a 6 (r) -dimensional conformal density \i and constants b > 0, cr > and r > such that for 
all c > cr 

Uminf/i ( I) pr {B 10 {c))) >b. 

R— >oo 

i{-r<d(o,7o)<i? 

Notice that for discrete isometry groups of Hadamard manifolds, cocompact implies weakly 
cocompact, because in this case 



< fi (dX) = Mo ( (J pr (B 70 (c))) 



7er 

R.-l<d(o,~fo)<R 



if c > diam(X/r) and R > c. Further examples of weakly cocompact groups are convex 
cocompact isometry groups of real hyperbolic spaces, and radially cocompact isometry groups 
(see [L] for a definition) of symmetric spaces. 

For weakly cocompact groups, we have the following lower bound for Nr(R). 
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Lemma 3.10 Let T C Isom(X) be a weakly cocompact discrete group which contains a hyper- 
bolic axial isometry. Then there exists a > and Rq > such that for all R > Rq 

N r (R)>ae s ^ R . 

Proof. Let c > max{co,cr} with cq > as in Theorem 13.61 b > 0, cr > and r > the 
constants from the definition. Then there exists Rq > r such that for all R > Rq 

b < Mo( |J pr (B 7 „(c))) < Yl Ho{Wo{B~ to (c))) 

R-r<d(o,~fo)<R R-r<d(o,-yo)<R 

< D(c) J2 e- 5 ^ d ^ < D(c)N r (R)e- s ^ R - r \ 

R-r<d(o,~/o)<R 

hence N r (R) > ae s ^ R for a = be- rS ^/D(c). □ 



4 The critical exponent 

In this section we are going to prove Theorem l4.1l and some corollaries, which will be necessary 
to derive the lower bound in Theorem 15.81 As before, X will denote a Hadamard manifold, 
o G X a fixed base point, and T C Isom(X) a discrete group which contains a hyperbolic axial 
isometry and possesses infinitely many limit points. Given Proposition 13 . 71 the arguments of 
T. Roblin in the context of CAT(— l)-spaces ( [R]) remain valid in our setting. We include 
the proofs for the convenience of the reader. 

Theorem 4.1 If V is a discrete isometry group of a Hadamard manifold X which contains 
a hyperbolic axial isometry and possesses infinitely many limit points, and o G X a fixed base 
point, then limfl'^ 00 (-^ log Nr(R)) exists and eguals S(T). 

Proof. Assume that liminffl^oo (-^ log Nr(R)) < S(T). Then there exists a sequence (Rk) C 
M, R k -> oo, and < a < 5(T) such that N r (R k ) < e aRk for all k G N. We are going to 
construct an a-dimensional conformal density in order to obtain a contradiction to Proposi- 
tion o 

Let 5 denote the unit Dirac point measure. For R > and x G X we put 
i£:= J2 e- ad{x ^S{jo)/( J2 e- ad{ °^). 

d(x,~to)<R d(o,fo)<R 

From 1 1 v R \\ = 1 and the Theorem of Banach-Alaoglu it follows that for any r > there exists 
a sequence k n (r) C N, k n (r) — > oo, such that v Q fe " (r> r converges weakly to a probability 
measure ix r . Furthermore, the support of [f Q equals Lr, because, since a < S(T), the series in 
the denominator diverges as R — > oo. We denote by yT the a-dimensional conformal density 
induced by Our aim is to prove that for any x G B (r) the measures Vx kn{T) T converge 
weakly to p: r x . That is, we have to show that for every bounded and continuous function / on 
X 

lim / f(z)d V x k - (r) ~ r (z)= f f{z)d i i r x {z). 
From the definition of [i r x and \x r a it follows that 

f f(zW r x (z) = f f(z)e aB ^dy r (z) = lim f f(z)e aB ^d^ M ~ r (z) 
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with B z (o, x) — d(o, z) — d(x, z), z S X, as in ©. We put ||/|| :— sup x< -jF |/(a;)|, 



* •= 



E 



-ad(o,*yo) 



d(o,fo)<R krl(r) -r 



and compute for all n G N 

f(z)dv* k ^- r (z)- I f(z)e aB ^dv* k ^- r (z) 



x 



< Ml y 

d(x,~io)<R kn ( r) -r 



-ad(x ,70) 



E 



ga(d(o,7o) — d(x^o)) g — ad(o,7o) 



76r 

d(°:7°)<-R fc „ (r )-r 



Consider the number 



7x(ii) := I E 



xd(a;,7o) 



E 



-arf(a;,7o) 



7er 

d(a:,7o)<_R 



7er 

d(o^o)<R 



Then for x G B a (r) we have 



E 



-otd(x ,-yo) ^ 



E 



-ad(o,7o)+a(i(o,s) 



7er 

\d(o,~fo)-R\<d(o,x) 



■yer 

\d(o,~fo)-R\<d(o,x) 



< 



E 



- a R+2 a d(o.x) < 7V r (i? + r ) e - 



afl+2or 



7er 

|d(o,7o)-_R|<d(o,a;) 



We conclude 



f(z)dv^' r {z)~ / /(z)e^^^>' < "^ r (z) 



A" 



^ 11/ II „ /n „\ ^ II J II at \ -a.R fc „ M +3ar' ^ 117 II „3ar , n 

- 9x(n kn[r) - r) < — N v (R kn{r) )e k ^ < —e , 

because ^ n is unbounded as n — > oo. This implies that i/ x k " M r converges weakly to fj, x for 
all x e B (r). 

. V R - ,,R 

this implies 7 * [i r x — H r -i x - 

We finally consider a sequence {Vj) C M, r,- — * 00, such that /Xo 3 converges weakly to a 
probability measure /i . Let /1 be the conformal density induced by /i . Then fi x converges 
weakly to fi x for all x £ X. Furthermore 7 * fi x = /i 7 -i x for all x G X, 7 6 T. This yields the 
desired contradiction. □ 



Obviously, we have 7 * = v^-i x for all £ G X, 7 G I\ If gJ(o, x) < r and d(o, 7a;) < r, 



If A c 9X, z G X, we let Z (-z, A) := inf^g^ ^ (z, v) an d 

iVr(/i; A) := #{7 G T | d(o, 70) < J?, Z ( 7 o, A) = 0} . 

Corollary 4.2 If A C dX is an open set with ACiL r then 



lim (-logJV r (i?;A)) = 5(T) . 

R—>oo ix 
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For weakly cocompact T there exist b > 1 and Rq > such that for all R > Rq 

±e s W R <N r (R;A)<be s ^ R . 

Proof. Let U C dX be an open set with U n Lr 7^ such that J7 C A. By Lemma 12.81 there 
exist 71, 72, . . . , 7m € T such that Lr C (J™ 1 74 C7. Let M C \J^. 1 jiU be an open set which 
contains Lr- Then ^0(70, M) = for all but finitely many 7 6 T by the definition of the 
limit set, hence Nr(R; M) > Nr(R) — j for some constant j G N. 

Fix g G {71, 72, ... , 7 m } and suppose Z G (7o, gU) = and Z (g~ lr yo, A) > for infinitely 
many 7 6 L. Let (7^) C L be a sequence with this property. Passing to a subsequence if 
necessary, we may assume that 7^0 converges to a point r) 6 gU. Since gU C g^4, this implies 
Z go {jkO, gA) = for almost all k G N in contradiction to Z go (jkO, gA) = Z D (g~ 1 jkO, A) > . 
Hence 

c(ff) := #{7 G T I Z ( 7 o, ff C0 = and Z^g^jo, A) > 0} < 00 , 

and Nr(R;gU) < N r {R+d(o, go); A)+c(g) . Put r := maxi<i< m d(o,7<o) and c := X)£L X 0(7;). 
Then 

m 

jV r (fl-r;A) -j < iV r (iJ - r) - j < N r (R - r; M) < ^N T {R - r;^iU) 

i=i 

m 

< (Nr{R-r + d(o, lt o);A)+c{j l )) < mN r (R;A) + c, 

z=l 

which proves the assertion. The claim for weakly cocompact L follows with Corollary 13.81 and 
Lemma EHU1 □ 

The second corollary of Theorem 14. II estimates the numbers 

N T (R] A, B) := #{7 6 F \ d{o, 70) < R, Z ( 7 o, A) = 0, Z^o, B) = 0} , 
where A,BC dX are open sets. 

Corollary 4.3 If A,B C cLY are open sets with An L r ^ 0, B n L r ^ 0, tten 

Urn (±- log N r (R; A, B)) = S(T) . 

For weakly cocompact T there exist b > 1 and Rq > st/c/i that for all R > Rq 

L'Crjn < Nr (R;A,B) <be 5 ^ R . 
b 

Proof. Let V C <9X be an open set with VnL r ^0 such that V C B. By Lemma l2~%l there 
exist 71,72, ■ ■ ■ ,7m G r such that Lr C (J i=1 TfV. As in the proof of the previous corollary 
we let M C ^e an open set which contains Lr- Then there exists an integer j G N 

such that N r (i?; A, M) > iV r (i?; A) - 

Fix g G {71, 72, ■ ■ ■ , 7m} and suppose there exist infinitely many 7 G T such that 
^o{l~ 1 o,gV) — and Z o (<? _1 7 _1 0, Z?) > 0. Denote by (7^) C L be a sequence with this 
property. Passing to a subsequence if necessary, we may assume that 7;7 1 o converges to a 
point ?y G gV. Since gV C gB, this implies Z go {^ x o,gB) = for almost all k G N, in 
contradiction to Z go (j^ 1 o,gB) — Z (g~ 1 j^ 1 o,B) > 0. Hence 

c{g) ■= #{7 G T I Z ( 7 "V ffV) = and Z G (<T VV B) > 0} < 00 , 
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and N r (R; A, gV) < N r (R + d(o, go); A, B) + c(g) . We put 
r := maxKKm d(o, 7^0) and c := Y^Li c (7«) anc * conclude 

N r (R-r;A,B)-j < N r (R — r;A) — j < N r (R — r; A, M) 

m 

< ^T / Nr(R-r;A,7 i V)<mNr(R;A,B) + c, 

i=l 

which yields the assertion. The claim for weakly cocompact T follows with Corollary 13 . 81 and 
Lemma rTTTil □ 



5 Growth of conjugacy classes 

Let M be a complete Riemannian manifold of nonpositive sectional curvature with universal 
Riemannian covering manifold X , and T C Isom(X) the group of deck transformations of 
the covering projection X — > M. It is well known that X is a Hadamard manifold and T a 
discrete and torsion free group isomorphic to the fundamental group of M. In this section, 
we will derive a new asymptotic estimate for the growth rate of geometrically distinct closed 
geodesies modulo free homotopy in M. Notice that due to the occurrence of flat strips there 
can be infinitely many closed geodesies in one free homotopy class. 

We will only require that the group of deck transformations r of M contains a hyperbolic 
axial element and possesses infinitely many limit points. Since we do not assume the manifolds 
to be compact or of finite volume, we face certain difficulties which do not occur in the case 
of compact manifolds treated in [K2]. First, closed geodesies in M may have arbitrarily 
small length. Moreover, our weaker notion of hyperbolic geodesies includes the treatment of 
manifolds M which are not necessarily of geometric rank one, i.e. every geodesic in X may 
bound a flat strip. In particular, we do not have a uniform upper bound on the width of 
hyperbolic axial isometries in T. 

For these two reasons we encounter difficulties when trying to estimate the number 
of elements in T which correspond to the same free homotopy class of closed geodesies. In 
particular, for lack of a uniform upper bound on the width of hyperbolic axial isometries, the 
argument in Lemma 5.4 of [K2] cannot be directly adapted to our case. 

Definition 5.1 7,7' £ T are said to be equivalent if and only if there exist n,m £ Z and 
if G r such that (7')™ = <P7™<y3 _1 . An element 70 € T is called primitive if it cannot be written 
as a proper power 70 = <p n , where (p £ T and n > 2. 

Each equivalence class can be represented as 

[7] = WloV' 1 I 7o G T, 70 primitive, k G Z, ip £ T} . 

It is easy to see that the set of equivalence classes of axial elements in T is in one to one 
correspondence with the set of geometrically distinct closed geodesies modulo free homotopy. 
If 70 is a primitive axial isometry representing [7], we have 

Z([ 7 ]) := mm{l(ip) | if £ [7]} = Z( 7o ) . 

Then P(t) :— #{[7] I7 £ T axial, l([y}) < t} counts the number of closed geometrically 
distinct geodesies of period < t modulo free homotopy, and 

Ph{t) ■= #{[7] I 7 e T hyperbolic axial, Z([ 7 ]) < *} < P{t) 
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the number of closed geometrically distinct hyperbolic geodesies of period < t modulo free 
homotopy. If W C X is an open set, we put 

P(t;W) := #{[7] I 7 G T axial, Ax( 7 ) DW ^ 0, Z([ 7 ]) < t] , and 
P h (t; W) := #{[7] I 7 G T hyperbolic axial, Ax( 7 ) n W ^ 0, Z([ 7 ]) < t} . 

For the remainder of this section we further fix a base point o£l. Our first lemma gives an 
easy upper bound for P(t; W). 

Lemma 5.2 Let W c X be a bounded open set. Then there exists a constant b > 1 such that 

P(t;W) < be &{T)t . 

Proof. Let 7 G T be a primitive axial isometry, and x G Ax( 7 ) n W. If r := swp yeW d(o, y), 
then 

d(p, 70) < d{o, x) + d(x, 7 x) + d(~fx, 70) < £(7) + 2r . 
We conclude P(t, W) < N r (t + 2r) and, by Corollary EH 

P{t-W)<be 2r ^e s ^ 1 . □ 

From here on we fix a hyperbolic axial isometry h 6 T and let Co := c(/i) > denote the 
width of h (see Definition ^. 4(1 . We further assume that W C X is a bounded open set which 
contains the closure of a ball of radius cq centered at a point y on an axis of h. 

In order to bound Ph (t; W) from below, we will need a few preliminary lemmata. The 
first one gives a straightforward lower bound for Ph{t] W). 

Lemma 5.3 There exist open neighborhoods U, V C dX of h + , h~ with closures U, V home- 
omorphic to closed balls and U C\V — such that for all t > 

Ph(t; W) > #{[7] I 7 G r hyperbolic axial, 7 ~ G U, 7 + G V", £([7]) < <} . 



Proof. Recall that y is a point on an axis of h and D B y {co). Let e G (0, 1) be arbitrarily 
small with the property B y (co + e) C W, and 17, V C 9A the corresponding neighborhoods 
of h~ , h + as in Lemma \l. 21 Then if 7 is hyperbolic axial with Z( 7 ) = l([y]) < t, 7~ G U and 
7 + G V, every axis a of 7 satisfies e2(y, ct) < c + e, hence a n 7^ 0. We conclude that [7] is 
contained in the set {[7] | 7 G T hyperbolic axial, Ax( 7 ) nlf^f), ^([7]) < t} . □ 

The following lemma generalizes Lemma 5.4 in [K2]. It gives the necessary upper bound 
for the number of 7 G T which belong to the same equivalence class. 

Lemma 5.4 Let W C X, y G Ax(h), cq — c{h) and U, V C dX as in the previous lemma. 
Put 

p := — min ( inf d(x,yx)) . 
4 7 er\{id} v xes B ( Co +i) ' 

Let x £ X , and 70 G T a primitive hyperbolic axial element. Then there exists a constant 
b > depending only on p, cq, U , V and N = dim X such that for all t > 

#{7 = ¥>7o> _1 l^eT, k G Z, ^ 7o - G C/, </? 7o + G V, 

^(7o)n-B x ( / 9)n J B J/ (co + l)7 £ 0, Z(7)<0 < b-t. 

Proof. Let t := l(jo) and t > t . Then for 7 = <£7q9? _1 with £(7) < t we have t > 1(jq) = 
|fc|to, hence < t/t . 
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We remark that if ipjQ G U and ipj^ G V, then every axis a of 70 satisfies d(y, ipo~) < 
Co + 1 by choice of U and V. 

If k G Z \ {0} is fixed, then (p^ip^ 1 7^ fi^ft^ 1 implies that (3~ 1 tp does not belong to 
the centralizer of 70, in particular <^Ax(7o) 7^ /3Ax(7o). 

Let Fq C Ax(7o) be a fundamental domain for the action of (70} on Ax(7o). If 

<p~fo EU, tp^Q G V, ipAx(j a ) n B x (p) n B y (c a + l) ^0, and 
/3 7o "G^ Plo&V, (3Ax( 7o )nB x (p)nB y (c + l)^(H, 

there exist p, g G F and n, m G Z such that <pjoP, P^q G B x {p) Ci B y (c + 1). Furthermore 
.9 := <,57q 7^ /37o™ =: / implies d(p, q) > 2p(W) since 

2p(W) > d(gpjq)>d(gpjp)-d(fp,fq) 

= d(gf- l gp, gp) - d(p, q) > Ap{W) - d(p, q) . 

lid= dim Ax(7o), then vol(F ) = (2c + 2)^ ■ t < 2 N (c Q + l)^- 1 • t Q and 

vol{B p (p) n Ax( 7o )) =cu d -p d V p G Ax( 7o ) . 

Put w := mm{u>d 1 1 < <i < A} and notice that p d > minjlj/o^}. Since the balls of radius p 
centered at points in Fq corresponding to different elements if G T are disjoint, there are at 
most 

vol(Fo) < 2 N (c Q + l) N - 1 -t 
tod ■ p d ~ u) ■ min{l, p}" 

different elements of the form ip-f^ip' 1 such that <pAx(7 ) D B x (p) n B y (c + 1) 7^ 0. 

The assertion now follows from #{fcGZ||fc|<i/io}<2i/to- n 

Corollary 5.5 There exists a constant e > depending only on cq, U , V and N = dim A 
such that for all t > 

#{7 = yyov -1 l^er, fc g z, ^7- g [/, V7 + g 

l(j)<t} < e-t. 

Proof. We use the notations from the previous lemma and notice that by choice of U, V the 
conditions ff^ G U and ipjQ G V imply that every axis a of 70 satisfies ipa H B v (cq + 1) 7^ 0. 

Since B v (cq + 1) C A is compact, there exist finitely many balls B Xi (p), 1 < i < m, 
such that 

m 

B y (c + l)c IjBx^p). 

t=i 

Hence if ipj^ G ?7 and ifr/^ G V, there exists j £ {1,2,..., m} such that 
(^Ax(7o) n [B x . (p) n B y (co + 1)) 7^ 0. We conclude 

#{ 7 = ^oV 1 k e r, g z, ^ 7o - g tr, ^7 + e v; < t} < m ■ a ■ t . □ 

We will now state two more lemmata in order to relate Ph(t;W) to Nr(R; A, B) for 
appropriate sets A, B C <9A. 

Lemma 5.6 Lei e > and {/, V C 9 A oe i/ie corresponding disjoint neighborhoods of h + , h~~ 
as in Lemma \2.aX Then there exist a > and R > s«c/i that every 7 G L with d(o, 70) > R, 
^0(70, « + ) < a/2 and Z (7 _1 o, < a/2 satisfies n = 0. 
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Proof. Let y £ Ax(h), put c := c(h)+e and choose 5 > such that /i+ C £/ and C V. 

From Lemma 2.5 and Lemma 2.8 in [EO] it follows that for any x £ X there exist T(x) > 
and a(x) > such that 

\ C Cj? + and C#> \ fl.(T(x)) C C$_ . 

Since T and a depend continuously on x, for T := max{T(x)|x £ {o} U i?j,(c)} and a := 
min{a(x)| x £ {o} U f? B (e)} we have 

C^ h+ \B (T)CC 5 y ^ + and C'^B^C^ V x £ ^ U {o} . 

Moreover, since for 7 £ T and a; £ B y (c) we have ^(72;, 70) = <i(x,o) < c + d(y,o) 
and d(j~ 1 y,j~ 1 o) = d(y,o), there exists R > T + d(y,o) + c such that every 7 £ T with 
d(o, 70) > i?, Z G (7o, < a/2 and Z (-f~ 1 o, h~) < a/2 satisfies 

Z y (<yx,h + ) < 5/2 and Z^^y, h~) < 5/2 Vs £ B y {c) . 

Now for £ £ £7 arbitrary there exists a hyperbolic geodesic a joining h~ to £ with d(y, a) < c. If 
x £ B y (c) is the orthogonal projection of y to er, then Z^^ -1 ?/, £) = 7r— Z 2; (7~ 1 j/, ft, - ). Consid- 
ering the triangle with vertices 7 _1 y, a; and £, we further have Zy-i y (£, x) + Z x ('-f~ 1 y, £) < 7r . 
We conclude 

4f(7& 7*0 = ^-iy(€, x) < Zxi-y^y, h~) < 5/2 , 
and therefore Z J/ (7£, < Zj,(7£, 7a;) + Zy(^x, h + ) < 5. In particular 7^ £ U , which proves 

junv cunv = 0. □ 

The following lemma is due to G. Knieper ( [Kl, Lemma 2.6]). 

Lemma 5.7 Let U, V £ be neighborhoods of h + , h~ with closures U, V homeomorphic to 
closed balls and U PI V — 0. Then there exists a constant t > 0, n £ N smc/j i/ia£ /or a/Z 7 £ F 
witft <i(o, 70) < t and ^yU fl V = 0, i/ie isometry h n ^/h n possesses an axis with extremities in 
U and V and l(h n ~fh n ) <t + r. 

Proof. Let n £ N such that_ft n (X\ V) £ ?7 and h~ n (X\U) £ V. Since 7C/n V = 0, we have 
h n jh n _(U) £ _ft ,l 7C7 £ \ V) C U and h~ n ~f~ l h~ n {V) C /i - ^" 1 !/ C \ f7) £ V. 

Since ?7 and V" are each homeomorphic to a closed ball, Brouwer's fixed point theorem implies 
that h n jh n assumes its fixed points in U and V. Furthermore, 

d(o, h n ~fh n o) < d(h- n o, o) + d{p, 70) + d(-yo, jh n o) < 2d(o, h n o) +t. □ 

Theorem 5.8 Let M be a complete Riemannian manifold of nonpositive sectional curvature 
with universal Riemannian covering manifold X , and V £ Isom(X) the group of deck trans- 
formations of the covering projection. Suppose V contains a hyperbolic axial isometry h and 
does not globally fix a point in dX . Let W £ X be a bounded open set which contains a closed 
ball of radius c(h) > (as in Definition \2.4\ ) centered at a point on an axis of h. Then 

5(T)= lim (UogP(t;W)) = lim {-\ogP h {t;W)) . 
For weakly cocompact T there exist b > and R > such that for t > R 

_L e *(r)t < Ph{t . w ^ < pQ. W ) < he s(r)t 
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Proof. We choose y G Ax(h) such that VF D B y (c(h)) and open subsets {7, V C <9X of 
h~ with closures t/, V homeomorphic to closed balls and U n V = as in Lemma 15.31 By 
Lemma f5. 71 there exists a constant r > such that for any t > 

#{7 € L I d(o, 70) < t, ~fUnv = ®} 
< #{7 £ r I 7 hyperbolic axial with 7~ 6 J7, 7 + G V, £(7) < t + r} . 

By Lemma f5. 61 there exist sets A C U, B C V and a constant R > such that for alH > i? 

#{7 G L I d(o, 70) < t, jU n y = 0} > N r (t; A, B) - N r (R; A, B) . 

Using Lemma f5. 31 and Corollary 15. 51 we conclude that for t > t + R 

Ph(t; W) > #{[7] I 7 £ T hyperbolic axial, 7- G U, 7 + £ V, < t} 

> ^—#{7 G L I 7 hyperbolic axial, 7~ G U, j + G V, J (7) < t} 
e • t 

> J-(N r (t-r;A,B)-be s ^ R ), 
e ■ t 

which, together with Corollary 14.31 and Lemma f5. 21 proves the assertion. □ 

We remark that for compact manifolds M we may choose a bounded open set W C 
X which contains a fundamental domain for the action of L. Hence Theorem 15.81 implies 
Theorem B of G. Knieper ( [K2]). 
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